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I. INTRODUCTION
In collisionless plasma, particle distribution in velocity space can depart considerably from a Maxwellian. For example, in naturally occurring plasmas, such as plasmas in the planetary magnetospheres and solar wind plasma, particle velocity distributions are observed to have a prominent nonMaxwellian (power-law) high-energy tail (for some references to observations, see Ref. 1). The appropriate distribution functions that can better model such particle distributions are the generalized Lorentzian distributions, also known as the kappa distributions." The kappa distribution with a finite value of the spectral index K has a powerlaw tail at velocities higher than the thermal velocity and approaches a Maxwellian distribution in the limit as «• ->°°. Typically, space plasmas are observed to possess a spectral index K in the range 2-6. The presence of a substantially larger number of suprathermal particles, which distinguishes kappa distribution from a Maxwellian, can significantly change the rate of resonant energy transfer between particles and plasma waves. Hence, it could change the growth or damping rate of the plasma waves, the excitation conditions for instability, as well as the rate of anomalous transport processes that rely on resonant wave-particle interaction. It is, therefore, interesting to study the stability properties of plasma waves when the equilibrium (unperturbed) state of the plasma is described by a kappa, rather than a Maxwellian, distribution.
In the last several years, plasma waves (electrostatic and electromagnetic) in homogeneous, unmagnetized and magnetized plasma have been studied by various authors " using different types of kappa distributions for the equilibrium state. In this paper, we concern ourselves with the electrostatic waves in spatially inhomogeneous, current-carrying anisotropic plasma, where the equilibrium particle velocity distributions are modeled by various kappa distributions. Spatial inhomogeneities, assumed to be weak, include density gradients, temperature gradients, and gradients (shear) in the parallel (to the ambient magnetic field) flow velocities associated with the current. Such equilibrium plasma configuration is representative of many space and laboratory plasmas. We consider three specific forms of the kappa distributions, namely, kappa-Maxwellian, product bi-Lorentzian, and bi-Lorentzian. We first present the full dispersion relations for electrostatic waves, then present the versions of the dispersion relations that are more suitable for the study of low frequency (lower than ion cyclotron frequency) waves, and finally concentrate on the analysis of the low frequency and long perpendicular wavelength (longer than ion gyroradius) modes. In particular, the stability properties of drift waves, current-driven ion-acoustic waves in the presence of velocity shear, velocity shear-driven ion-acoustic modes, and ion temperature gradient driven modes are analyzed in detail. Such plasma modes are commonly observed in inhomogeneous plasma and are responsible for anomalous effects, such as diffusion, thermal conduction and resistivity. We also include in our presentation the corresponding dis-042108-2 B. Basu Phys. Plasmas 15, 042108 (2008) persion relations for the bi-Maxwellian distribution and their analysis. The reasons for including the previously known results for the bi-Maxwellian distribution are: First, to check the correctness of the results for the kappa distributions by using the fact that the kappa distribution goes over to the Maxwellian distribution in the limit as K->»; second, to compare and to illustrate the distinguishing features of the kappa distributions.
The paper is organized in the following way: In Sec. II, we describe the general mathematical formalism for the derivation of dispersion relation in weakly inhomogeneous magnetoplasma. In Sec. Ill, we present the dispersion relations for the different equilibrium distribution functions described in Sec. II. Section IV is devoted to the analysis of the low frequency, long perpendicular wavelength modes for the different equilibrium distribution functions. The results are summarized in Sec. V.
II. GENERAL MATHEMATICAL FORMALISM

A. Equilibrium state (spatial inhomogeneity along the x-direction)
The dynamics of nonrelativistic, collisionless plasma is determined by the Vlasov equation 
where f a is the single-particle distribution function, q a is the charge, and m a is the mass of the plasma constituent a (a = e for the electrons and a=i for the ions), while E and B are the electric and the magnetic field, respectively. The distribution function /^ for the steady equilibrium state of spatially inhomogeneous plasma immersed in a uniform magnetic field B 0 obeys the time-independent Vlasov equation
and it can be constructed from the constants of motion of the charged particles. 
where T is the gamma function and u^i^^Va-V^^ "^.
-I (9) and Author complimentary copy. Redistribution subject to AIP license or copyright, see http://php.aip.org/php/copyright.jsp
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As before, n M , V M , 0 M , and 0 al in Eqs. (9) and (10) refer to their values at f=0. The function F•(u x ,i;||) is normalized to the particle density n M , while 6 M and 0 a^ are related to the particle parallel and perpendicular temperatures, denned by Eq. (14) where (12) and ^<>U):
As before, M^, V^, 0 ali , and 0 aX in Eqs. (12) and (13) There is an equilibrium current density, which is a combination of the diamagnetic current density and the current density due to flow velocity along the ambient magnetic field B 0 . The self-consistent magnetic field due to the equilibrium current density is assumed to be negligibly small compared to the main ambient magnetic field Bo
For simplicity of notations, we assumed above that the spectral index K has the same value for both electron and ion distributions. However, the analysis in the following sections can be easily generalized to allow different values of K for the two charged populations. In Fig. 1 we have presented G{u) = (2ir) 3,2 (V Tail /n a0 )Jdv^v 1 F M as a function of u = {v,-V M )IV TM , where V r-=(T' al /in a ) l/2 , for the four model velocity distributions described above. It may be verified that G(u) for bi-Lorentzian is same as that for kappaMaxwellian. As is well known in plasma physics, the function G(u) plays important role in determining the stability properties of plasma waves. 
where J n (/u. a ) is the Bessel function of the first kind and
In this paper we wish to study in detail the low frequency waves, {(o a ,k ll V Taj )<^.il a , in inhomogeneous plasma, where u> a =io-k^V^. The reduced dispersion relation, which is adequate for the study of such low frequency waves, is obtained by first rewriting Eq. (19) as In the next section, we present the dispersion relations that are obtained for the different equilibrium distribution functions after substituting the specific expressions for ML and F M into Eqs. (19) and (21) and evaluating the velocity integrals.
a J
III. DISPERSION RELATIONS FOR THE MODEL DISTRIBUTION FUNCTIONS
In solving Eqs. (17) and (18) we adopt the "local approximation" " and assume that the perturbed quantities have space-time dependence of the form, A[(r,r) = A|(k,w)exp(i'k-r-('wf), where k-(0,k 1 ,k l ). The "local approximation" requires jfc ± S><9/<9x3> ML and pJL<^\, where p a is the gyroradius of the particle a and L represents the typical scale length of spatial inhomogeneity. As is well known, the "local approximation" retains the leading-order effects of the spatial gradients. Using Eq. (3) for/^r.v) and solving Eqs. (17) and (18) by the standard procedure, the linear dispersion relation for electrostatic waves in inhomogeneous plasma, under the "local approximation," is obtained as 
QaLffaU k'ff^, Jd£" a wherejo; a =4^^i a0 /m", P a =k 
i-2?&2r.08.
where /3"=*i^/(2ft;), s n x a =(a> a+M n")/«: ll^l ), and Z• is the plasma dispersion function for the kappa-Maxwellian distribution, defined by
, where /" is the modified Bessel function, and T' is the derivative of T" with respect to its argument b a =k ± T a± /(mJll). The reduced dispersion relation for the low frequency waves in bi-Maxwellian plasma, derived from Eq. (21), is
or, in terms of fc a , 77^, 77^, and io ta , is
and by the analytic continuation of Eq. (28) 
where now < a 42K/(2/c-3)]" 2 (o> a +Hn a )/(\2A-V Tall ). The reduced dispersion relation for the low frequency waves in kappa-Maxwellian plasma, derived from Eq. 
or, in terms of b a , rj M , T) al , and «>*", is
T.
Here, s^=[2«r/(2/f-3)] I/2 a> a /(\2A: V roll ). In the limit as 
and Z^B L is the plasma dispersion function for the product bi-Lorentzian distribution, defined by 
where now s: a =[2/f ll /(2K ll -l)] 1/2 (a> a+n n o )/(V2^lV r J. The reduced dispersion relation for the low frequency waves in product bi-Lorentzian plasma, derived from Eq. (21) 
2K-3 r oi V2*||V ra n 2*-3\ 
in Eq. (26) and then keeping the leading terms, we find
IV. LOW FREQUENCY AND LONG PERPENDICULAR WAVELENGTH (b"«1) MODES
In this section, we present analysis of the dispersion relations for the low frequency waves, in order to illustrate the differences between the equilibrium velocity distributions. For analytical tractability we restrict ourselves to the situation where |w f /(\2k n V m ) | <g; 1 and {Hj/(\l2k 9 V Ta ) | »1. Furthermore, we consider long perpendicular wavelength modes such that b e~0 and fc,<l. These are the limiting conditions under which drift waves, ion-acoustic modes, and ion temperature gradient driven modes are excited. We start this section with the review of the previously known results for the bi-Maxwellian case and then discuss the various kappadistribution cases. 
It describes current-driven ion-acoustic waves (in the reference frame moving with the ion flow velocity) in the presence of velocity shear, which becomes unstable (Im o>>0) when V d (i.e., current) exceeds a threshold value V*j, where
3S. A+ (a) M (5i 4 .
C s \m e l \ r,n eXPi "2^A-
The second term on the right-hand side, which represents ion Landau damping, can be made smaller by increasing the value of T el ,/T in and A, so that the instability can be excited with a lower value of V°d . In the absence of velocity shear (i.e., A 2 =l) and for electron-proton plasma, Eq. (62) yields to as the shear-driven ion-acoustic This is instability. ' Another instability that has been discussed in the literature is the ion temperature gradient driven instability." "" This instability, like the shear-driven instability, does not rely on or is not affected by Landau resonance (wave-particle resonance). It is realized when rj a^> 1 and in the limits when (50) is reduced to k 2 c 2
. M a r\
It has the solution (65)
:(i±iS)
,2 2 1/3
where the upper sign (+) is for a> mi r) in >0 and the lower sign (-) is for w,j)/j|<0.
In the remainder of this section, we examine the same low frequency waves when different kappa distributions are used to describe the equilibrium plasma state.
(b) Kappa-Maxwellian: The series and asymptotic expansions of Z^M(s), which appears in Eq. (31) " The result is that the series expansion Eq. (67) remains unchanged; but the first term in the asymptotic expansion Eq. (68) is modified as I'-TT-*/'ir+log(a/<; 1 "), where a is some number. Thus, noninteger (including half-integer) values of K will add very small corrections to the real part of the frequencies of the waves considered here. We neglect the modifications and use Eqs. (67) and (68) in the following analysis. Using r 0 (fc,)=l, r 0 (/>,-)= 1-/»,-, K\ D , < 1 (quasineutrality condition), and the expansions (67) and (68) in Eq. (31), and then keeping the leading terms, we find
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where 
(77)
A comparison with Eq. (57) shows that the threshold current for the instability is reduced from its value for the biMaxwellian distribution by the factor (2K-3)/2K. In the absence of current (V d =0) and for rj e >0, the instability condition is
If %=0, the instability condition is satisfied for k\p 2 s >1/(2K-3), which is more stringent than the condition k\p 2 >0 obtained for the bi-Maxwellian distribution.
Next, we consider the ion-acoustic waves for which uJi~k a c s^> io te 
Both the real and the imaginary parts of to are modified from their values for the bi-Maxwellian distribution. The ion Landau damping term in Im to (third term within the curly bracket) has a power law, instead of exponential dependence on Re to,/jt||V r ,n when Re COJ/k ]{ V m^> \ and, hence, is larger than that for the bi-Maxwellian distribution in the parameter regime Re tijIk^Vj^ 1. For the limiting conditions that led to Eqs. (55) and (56) 
We again note that both the real and the imaginary parts of to are modified from their values for the bi-Maxwellian distriAuthor complimentary copy. Redistribution subject to AIP license or copyright, see http://php.aip.org/php/copyright.jsp bution. In particular, the power-law, instead of exponential, dependence of the ion Landau damping term (second term within braces in Im w) on T en /T a , when T^/T R^ 1, results in larger ion Landau damping and changes the instability condition significantly. The threshold value V°d for instability is now given by
S-A.
2K-1 2K-3
In the absence of velocity shear (A 2 =l), The previously mentioned shear-driven ion-acoustic instability, which is excited when A K <0 (i.e., A 2 <0), is now described by 5i = j|AjA||C,.
When compared with the bi-Maxwellian result [see Eq.
(64)], the growth rate of the instability for kappa-Maxwellian distribution is reduced by the factor [(2K-3)/{2K-l)]" 2 for the same value of |A|.
Referring to Eq. (69), the ion temperature gradient driven instability, mentioned above, is described by 
Here,
and the other notations are the same as before.
The simplified dispersion relation in the drift wave approximation (aJ;~w"»A:||Cj) is 
A comparison of Eq. (97) with Eqs. (55) and (75) shows that Re oi, is reduced from its value for the bi-Maxwellian distribution, as (2*H+1)/(2K||-1)> 1, and the reduced value is different from that for the kappa-Maxwellian distribution.
When rj e >0 and the first term within the parentheses of Eq. (98) can be neglected in comparison to rj eV l2, the instability condition (Im oi>0) for the current-driven drift wave is Vw> 2*n -1
Thus the threshold current for instability is reduced by the factor (2K I ;-1)/(2/C,|+2), when compared with that for the bi-Maxwellian distribution [see Eq. (57)]. Also, the reduction factor is different from that for the kappa-Maxwellian distri- A comparison of the results for the product bi-Lorentzian distribution with the corresponding results for the biMaxwellian and the kappa-Maxwellian distributions show that the threshold currents for ion-acoustic instability in the absence of velocity shear are larger than those for the biMaxwellian distribution, but are somewhat smaller than those for the kappa-Maxwellian distribution. In the presence of velocity shear, the threshold currents are more significantly reduced for smaller values of T e^l T^, as in the cases of bi-Maxwellian and kappa-Maxwellian distributions. The reduced threshold currents are still larger than those for the bi-Maxwellian distribution, but are somewhat smaller than those for the kappa-Maxwellian distribution.
The shear-driven ion-acoustic instability, which is excited when A 2 <0 (i.e., A 2 <0), is now described by 
*»i s i\K)*fs-
V. SUMMARY AND DISCUSSIONS
We have presented the linear dispersion relations for electrostatic waves in spatially inhomogeneous, currentcarrying anisotropic plasma, where the equilibrium particle velocity distributions are modeled by various Lorentzian (kappa) distribution functions and by the well-known biMaxwellian distribution. Spatial inhomogeneities, assumed to be weak, include density gradients, temperature gradients, and gradients (shear) in the parallel (to the ambient magnetic field) flow velocities associated with the current. In order to illustrate the distinguishing features of the kappa distributions, stability properties of the low frequency (lower than ion cyclotron frequency) and long perpendicular wavelength (longer than ion gyroradius) modes have been studied in detail, and the results have been contrasted with those for the bi-Maxwellian distribution. Specific attention has been given to the drift waves, the current-driven ion-acoustic waves in the presence of velocity shear, the velocity shear-driven ionacoustic modes, and the ion temperature gradient driven modes.
The growth rates of the drift wave instability and the current-driven ion-acoustic instability, both of which rely on wave-particle interactions for their excitation, are reduced from their values for the bi-Maxwellian distribution due to larger ion Landau damping rates associated with the kappa distributions. For the same reason, the excitation conditions for these two instabilities are more stringent in the case of the kappa distributions. The dominant ion Landau damping rates are proportional to Im Z' (prime on Z denotes derivative with respect to its argument), which have power-law dependence on Re tHil(k u V Tjl ) » 1 for the kappa distributions. This is in sharp contrast with the exponential dependence for the bi-Maxwellian distribution. As a result, the ion Landau damping rates of plasma waves that are excited in the Re W,/(^|VV,II)S> 1 regime are larger in kappa-distribution plasmas than in bi-Maxwellian plasma. Figure 2 shows the marked differences in the behavior of Im Z' 's associated with the different velocity distributions, when Re(d i /(k,y T J'^l. A particularly important consequence of the enhanced ion Landau damping rates is that the threshold currents for the ion-acoustic instability in kappa-distribution plasmas are larger than those in the bi-Maxwellian plasma, even in the presence of shear in the parallel flow velocity. Relativistic effects associated with the suprathermal ions that participate in the considered instabilities have been neglected in the present nonrelativistic treatment under the assumption (T a ,T ix )<Cm,c 2 . For a recent paper on the modeling of energetic particles by relativistic kappa distribution, see Ref.
27. The stability characteristics of the other two instabilities (shear-driven ion-acoustic instability and ion temperaturegradient driven instability), which do not rely on waveparticle interactions and for which Landau damping/growth terms in the dispersion relation may be neglected, can be better understood in terms of (n ei /n 0 ) and (rf,,/n 0 ), where n el and n n are the density perturbations, since the dispersion relations are obtained by demanding quasineutrality (n el = n n ). (n el /n 0 ) and (n n /n u ) are also helpful in understanding the origin of the reduced frequencies of the drift waves and the ion-acoustic waves in kappa-distribution plasmas. Under the conditions assumed in Sec. IV, the electron density perturbations for the different equilibrium distributions are 
